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Statistical theory of nematic liquid crystal whose constituent molecules are biaxial ellipsoids is
proposed. The method is suggested which enables one to calculate exactly the second virial
coefficient for the system of biaxial ellipsoidal particles and to obtain a simple approximation
formula for the third one. By means of the so-called y-expansion, the thermodynamic potential
of the system is constructed and equations of the thermodynamic and orientational state are
obtained. The influence of the anisometric degree (i.e. the measure of biaxiality) of the particles
on the features of orientational behavior and phase transitions among the isotropic, uniaxial
and biaxial nematic phases is studied. A phase diagram for a system of biaxial ellipsoids has
been calculated. It is shown that the so-called self-dual point takes place with high degree of
accuracy. In the limiting cases (molecules are spheres or ellipsoids of revolution) our results are
identical with earlier known ones.

Keywords: Nematic liquid; biaxial ellipsoidal particles; phase transition

1. INTRODUCTION

Together with dispersion van der Waals attraction, the reason, which is
responsible for the formation of liquid-crystalline phase, is steric repulsion,
connected with the mutual impenetrability of the anisometric prolate or
oblate particles. Because of the difficulties in the statistical approach, the
molecular flexibility is usually neglected, and the molecules are modelled as
inflexible objects having some average or effective shape. A simple and most
realistic model for such nonspherical molecule is hard biaxial ellipsoid. This
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model enables us to consider a system of hard spherical particles or disc-
like/rod-like particles as limiting cases. As it is known, calculation of ther-
modynamic quantities in the liquid phase requires virial expansion up
to high orders, which is slowly convergent one. At the same time, the
so-called y-expansion (here y is density connected parameter) is widely used
in the theory of ordinary liquids [1], [2] and solids [3]. This expansion is
found to converge very quickly over the entire liquid phase range, and
already the third order of y-expansion gives just the same results as the
seventh order of the usual virial series.

In this paper a statistical theory is proposed to describe nematic liquid
crystal consisting of biaxial ellipsoidal particles. We propose the extention
of the earlier suggested method [4] of virial coefficients calculation, which
enables us to consider the biaxial ellipsoids system. This method gives an
opportunity to obtain an exact expression for the second virial coefficient
and to approximate the third one. In the framework of this approach we
study thermodynamic and orientational properties of the system of ellip-
soidal particles (liquid crystal) in the third order of y-expansion and deter-
mine its phase diagram. It is also possible to investigate the influence of the
contact steric interactions and the role of molecular biaxiality on the orien-
tational structure and properties of real mesophases, including amphifilic
systems, in which, as a result of molecular aggregation, the anisometric
particles (micelles) are formed. These micelles are spontaneously ordered
due to interparticular repulsions and form both uniaxial and biaxial me-
sophases.

2. THE SECOND VIRIAL COEFFICIENT

Consider a system of N nematogenic molecules contained in a volume V at
temperature T. Let molecules have a shape of biaxial ellipsoids, whose three
principal axes (g, b, ¢) are different a < b < c. The shape of the molecules can
be characterized by the eccentricities of their normal sections

ey= [1—=, e3= [1-=. )

The limits a=b < ¢ and a < b = ¢ recover the cylindrical symmetry corres-
ponding to prolate (e, =0, e;#0) and oblate (e, =e; #0) ellipsoids of
revolution, respectively. The limit a = b=, that is e, = e, =0, corresponds
to spherical particles.
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Assume that only steric interactions caused by the mutual impenetrability
of the particles occur in the system. The free energy of the system can be
expanded as power series in the parameter y =d/(1 —d), where d = Nv/V
and v =4nabc/3, to give

A oA A 1
F=NkBT[JdQW(Q) In¥Q)—1 —A+lny+C2y+§C3y2+ :| (2)

Here Q is a set of Euler angles, which indicates the orientation of the main
particle axes with respect to the laboratory frame of reference, ¥(€)) denotes
single-particle orientational distribution function, and the quantity A is
related to the chemical potential u,, of the system of noninteracting particles
by the relation A=1n d — pu,,/ky T The linear combinations of the second
(B,) and the third (B,) virial coefficients are also introduced in Eq. (2} as
follows

C,=B,—1, C,=B,—2B,+1. 3)

The validity of the assumption in Eq. (2) is justified by the fact that for
condensed media Eq. (2) quite satisfactorily describes the macroscopic
orientational effects due to the anisotropy of intermolecular interactions; in
the case of ordinary liquids this assumption leads to the same results as
well-known Percus-Yevick equation.

In order to obtain the expression for the free energy F, one starts with the
calculation of the virial coefficients. For this reason, we consider the exten-
sion of our method [4] for the case of biaxial ellipsoids.

By definition, the second virial coefficient can be written as

Ve R
B,=» ﬂdﬂldnz‘P(Ql)‘P(Qz)E(ﬁu Qy),

~ A 1 A A
E(Q,,Q,)= _vfj‘drldrzf(rlz’ Q,€Q,), 4)

where r,, =r, —r, is the vector, connecting the centers of mass of two
particles 1 and 2, located at the positions r, and r,, and

_ [ uq, 2)} »
f exp|: kT
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is Maier-function. In the case of hard particles, the energy U(1, 2) of steric
pairwise interaction is equal to infinity, if the particles overlap, and to zero
otherwise, then it holds

1, x=0,

0, x<0. ©)

f(rlz’ ﬁl’ ﬁ2)= _®(d12 — 745, @(X)={

Here d,, is the distance of closest approach of two molecules with fixed
orientations of their principal axes. Following Ref. [5], it can be shown that
the excluded volume E(Q,, ©,) of two ellipsoidal particles is given by

o0yt ([ [0 s
E(QI’QZ)_:SJVJ‘dlZ [ o0 X a¢ ]d9d¢' (6)

Here 6 and ¢ are the polar and azimuthal angles of the unit vector N, which
is the normal to the surface of ellipsoidal particle at the point of its contact
with the other particle. To calculate the excluded volume E(Q,,Q,), we
assume that the center of one of the particles is located at the origin of
coordinates, and of the other one — at the position d, ,. If these two particles
are in contact, than two conditions are satisfied: one of them is the equality
of the radius-vectors R, and R, of the points of contact

R,(N)=a,(F,), R,(N)=a,N,)+4d,, %

and the second one is the antiparallelism of the unit normals N, = — N, at
this point. Here

_ N+ G(Ni0)is + cJ(Ni)0,,

_ , i=1,2 8
JT+C§(N;9i3)Z + (N 9,,) ?

ai(N B

cd=e2/(1—¢€}), a=2,3, 9)

and ¥, is a unit vector along the a-th main axis of the i-th particle. Eq. (7)
enables one to reduce two contact relations to the only one and to deter-
mine the vector d,,:

d12=31(ﬁ1)_32(_ﬁ1)' (10)
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Substitution of the Eq. (10) into Eq. (6) yields
3
EQ,,Q,)= 93—(1 + (1 +¢d) de(j)desin 0[q; % +4q;°"?

+3q; 297 + 39174, %], (11)
g;=1 +c§(ﬁi3ﬁl)2+c§(ﬁizﬁl)2, i=12.
The first and the second items under the integral sign in Eq. (11) are easily

integrated and yield 2v. The latter ones are calculated in the Appendix.
Then we have

A A 3 B
EQ,,Q,)= 2{ y"(4j + 1)
1 \/1—_e21 0""2—2)
j j P ~ . -~
x X X Sik'l@(szj.)—m(Ql)@(zzp{,)m(Qz)}, (12)
n=—jk=-j

Sien =S jn +fin9 0

where 2\" are elements of Wigner rotation matrices [6]. For convenience
we represent the coefficients f;, and g,, as follows

(- —2m(0, @)
fm=-/1— j f 112 Yaj-2m sin 0d0d¢,
’ ,/ +1

gm=1 —e§)‘2”q“2(_l)jyzf"2'"(9’ P in oo do, (13)

JH+1

where spherical functions Y, are defined as in Ref. [6]. For instance,
2 W2 . Arshp
Joo= \/; 1+ d
pJ/1+p?

fo= {“[ R0 )
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cos2d> Arshp
N - IR i,

2 /2 1 2
Goo = —f do(l + pz)[l + +p arctan p],
nJo p

1 2
_——{ J d¢ +p[ L+p arctanp]+goo},
\/; 0 p

[3 (2  cos2¢ 22
1= E.[o do 2 1+p5°|1-

2 2qin2
c; —c3sin’g
20ins b
1 +c3sin“g

2
P arctanp],

here p? =

For the particles having shape of prolate ellipsoids of revolution (¢, =0),
the Eq.(13) can be simplified:

(—1Y''T(j + 1/2)T(j
T2 +3/2)

Fin =m0 "D F G 124+ 1,254 32 63,

\/-5 . —1’“1"(J+1/2)I"(1 2,

e Fi(j+1, j+2,2j s e2).

Here I'(x) is gamma-function and ,F, (g, b, ¢; x) is confluent hypergeometric
function [7]. In this case the excluded volume E(Q,,Q,) takes immediately
the well-known form for the ellipsoids of revolution particles (see, for in-
stance, Ref. [4]).

Using the definition (4) and integrating over the angular variables of
the particles, we obtain the general expression for the second virial coef-
ficient of the system of hard biaxial ellipsoidal particles. This expression
differs from the Eq. (12) on the following points: it does not contain the
factor 2v and the Wigner functions 24 are replaced by their statistical
averages

(@0 = j 20O¥ Q. (14)
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The latter one are, by definition, macroscopic order parameters of the
system.

The rank of the order parameter is defined by number [. The order
parameter of a given rank / has (2/ + 1)> components, but not everyone of
them is independent. The number of independent and nonzero components
of the order parameter, having rank /, is determined by the symmetry of the
phase (the second inferior index in Eq. (14) connected with the symmetry of
the phase) and by the molecular symmetry (the first inferior index in
Eq. (14)). The method of determination of the independent order parameters
taking these symmetries into account one can see in Ref. [8]. For the
considered case of biaxial and nonpolar molecules (phase symmetry are not
lower than D,,) only four independent order parameters of the second rank
may be [9], [10]

={4po> = <%<C°szﬁ - “ >’
={gp,> = <—‘é—§ 2,8cos2a>
={qy0) = <£ 2lfcos2v> (15)

0,,=X4,,0 = < (1 4 cos?pB) cos 2a cos2y — cos f sin 2u sin 2y>

It should be noted that Eq. (12) for the excluded volume of two particles,
having fixed orientations of their principal axes, includes Wigner-functions
of only even rank (nonpolar molecules) and even inferior indices (cen-
trosymmetric molecules).

Restricting, as usual, to the order parameters of the second rank in the
expression for the second virial coefficient, the explicit form of C, (Eq. (3))
becomes

CZ = 2h{SOOO + S[SIOO(Q%)O + QSZ) + 2\/§S1 IO(QOOQZO + QOZ Q22)

+25111(Q30 + 23,1}, (16)



Downloaded by [University of California, San Diego] at 22:16 20 August 2012

142 A.N. ZAKHLEVNYKH AND P. A. SOSNIN
3 2 2y-1/2
h=g(1 —e3)(1—e3) .

In the case of the axisymmetric particles (e, = 0) this expression is simplified
and transformed into before known one [4].

3. THE THIRD VIRIAL COEFFICIENT

The third virial coefficient can be written as

1 A ~ ~
Bi=33 J dQ,dQ,d0,K(Q,,9,,0,)¥Q,)¥Q,)¥Q,), 17

K(Qlaﬁz’ﬁ3) = - jdrlzdrlsf(r1z, Ql,ﬂz)f(l’13, ﬂvﬁa)f(rzas Qz’ﬁa)-

This coefficient can be calculated exactly only for hard spherical particles.
In the case of another particles symmetry it can be determined only ap-
proximately, if any approximation for the kernel of the integral
K(©Q,,9,,Q,) is used. For ellipsoidal particles a good approximation is
assumed [11] to have a form of symmetrized over the particle indices
expression

K@Q,,Q,,0,) =L[EQ,,Q,) EQ,,Qy) + 1. (18)

Here the quantity L depends on the eccentricities of the particles and, in
general, on their mutual orientations. It takes on the value 15/32 for spheri-
cal particles [4], [11] and in the completely ordered system [11], [12]; in
the Onsager limit (the particles are long rods with aspect ratio ¢/a > 100)
L— oo. In real liquid crystals the length-to-width ratio c/ax~3—5 and so
we assume for simplicity L= 15/32 (it should be noted, that for the ellipsoid
of revolution particles the approximation formula, defining L as a function
of e;, has been obtained in Ref. [4]).
Using Eqgs. (17), (18), (3), (5) and (12), it follows that

} N T 2ji 20, 2.
Cs—ZZme1)(412+1)(413+1)§§§(M1 v M)

i jz j) 1 ¥ B
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. 2]1 2]2 2]3 Juda M MM,

(DG, Q1)) (DG, Q) (DG, Q) (19)

where

mm,m.n n,n, Jamyn, Jymyny “m,—n,

ajljzj;ManMs = thz[s

+Sj1m1"|Sjs”'s"s my, —n; +Sj|"‘1"1 Jymyn, "'sv_"a]
_Sv(l _SL) [Sj,n,nz‘sj,,j,‘sj,.06M,,—M,5M,.05n,.0

+ sz"z"s sz s 6j‘~0 5“;- M, 6M,.05nl.0

+ Sjjn,n, 5;‘,.;’. 511.0 5MJ. -M, 5M,,05.,,,o 1 (20)
In Eq. (19) the sum is taken over all allowed values of j,, j, and j,;, which
obeys the triangle rule [6]; the restrictions of the summation indices in the
following sums are imposed by the properties of 3j-symbols, which are

defined according to Ref. [6]. We restrict ourselves to the case of second
rank order parameters in Eq. (19), then it holds

C,=C5+ ls[booo(Q(Z)o +0%,)+ 2\/§b100(Q00 Q20+ Q020Q2,)]
50
+2b, 10(Q§0 + Q%z)] + 7["000Q00(Q(2>0 - 3Q(2)2)

+ 3\/5"100(Qéo 0202000202922 — Q20 Q(2>2)
+ 6"100(Q00Q§o - 2Qoz onsz - Qoo Q%z)
+ 2\/501 11 on(Q%o —-302,)1. (21

Here the following identifications are chosen:

. 4 4 4
C =3 Lh? 300 — 2h(1 =3 L) Sog0 - <1 —5L>,
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4 2 4
booo = §L’h2(2S000S100 + 8300 +28%,) “ihswo(l _§L>’

4 2 4
blOO =§Lh2(2S000S110 + SllOSIOO + 2Slllsllo) —EhSIIO(l _§L>’

4 2 4
b1 =§Lh2(2sooos1n +8i0+ 2Sf“)—-3-h3111(1 _§L>’ '

4
Co00 = §Lh2(Sf00 - zsflo)’

16
C100= —5 LI 81105111

9

4
Ci110™ _§Lh2(sf10 +2811081, + 25%11)’

8
—§Lh28“0$111. (22)

€11 =
In the case of ellipsoid of revolution particles, when S,,,=S,,, =0 and
bioo=b110=C100=C110=C1,, =0 the coefficient C; of the y-expansion
becomes indentical to the same one in Ref. [4]. In the case of spherical
particles it follows from Eq. (21): C, = C% = 3. Thus, the virial coefficients
C, (Eq. (16)) and C; (Eq. (21)) determine the free energy of the system of
ellipsoidal particles interacting via steric forces.

4. EQUATIONS OF STATE

The equation of the thermodynamic state can be derived using standard
relation P= —9F/0V:

Py
k—T= y+ Czy2 + C3y3, (23)
B

and for the chemical potential u =(F + PV)/N we obtain

Mo Jdﬁ‘l’(ﬁ)ln‘l’(ﬁ) +Iny—A
kT )
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3 2 3
+2C,+ 1)y + §C3+C2 ye 4+ Cyy°. (24)

In order to obtain the equation of the orientational state, it’s worth re-
minding, that the orientational distribution function ¥(Q) can be found by
minimization of the free energy (2) functional

YQ=2"" exp[ago9o0 + 902902 + 320920 + 3229221 (25)

Z= JdQCXP [a90900 t 902902 + 920920 + 2292215

where the coefficients a,, must be such as to minimize the free energy F at
the equilibrium value of the order parameters Q,;:

oF
anm

0. (26)

Performing the averaging in Eq. (15) with the help of Eq.(25), one obtains
the set of nonlinear integral equations for the order parameters Q,,, which
determines the orientational state of the system. The integration extends
over three Euler angles and so numerical simulations of these equations are
a quite difficult task.

In order to obtain some more clear representation of the results of study-
ing of the orientational state and of thermodynamic behavior, let’s write the
free energy F as power series in order parameters Q,,, (Landau expansion).
It enables us to find some analytical results and obtain the relation between
the coefficients of Landau expansion and molecular characteristics. The idea
of correct deriving of such expansion in the framework of molecular statisti-
cal theory was proposed in Ref. [13]. Following [13], we obtain

25
21 <3

c 5
=1 Cy+=2y*—1-A+2Y —
Nk,7~ "YH eyt 32,

425, 125&, 10375 15625 & & 2690375

it it _ oY ettt 3
T o622 T 19622 ~ 3773 Lot T 1310220 T 686686 L2

933125 ., 3278125 &, 8505625 &,
+ 1030029 2‘3 " 6180174 23 2746744 ZZZZ’ @7




Downloaded by [University of California, San Diego] at 22:16 20 August 2012

146 A.N. ZAKHLEVNYKH AND P. A. SOSNIN

where the invariant combinations of the order parameters are introduced

Zz =05+ Q%o + Q(z)z + Q%z’
22 =000Q22— 202220

23 = ng - 3Q00Q§o - 3Q00Q(2)2 + 3Q00Q§2 + 6Q02Q20Q22’

-~

23 = 3Q(2)0Q22 - 3Q(2)2 sz - 3Q§0Q22 + ng + 6Q00Qoz Q20~ (28)

The set of four orientational state equations can be obtained now by mini-
mizing of the free energy (27) with respect to order parameters—see Eq. (26).

Let’s discuss some general features of the proposed approach. For this
purpose we define Saupe matrix [14]:

PN P o 1
S =3 GUEL) ML) + (ML) (L)) - 30,0, (29)

[ R
N | =

<

which characterizes the macroscopic orientational properties of the biaxial
molecules system. Here M,(i = 1,2,3) and L,(a = 1,2,3) are orthogonal unit
vectors in the molecular and laboratory frames of reference, respectively.
The matrix (29) is symmetric and traceless over both pairs of indices.

Taking into account the molecular and phase symmetry (not lower than
D,,), we can parametrize this matrix through order parameters (15); the
nonzero components of this matrix are;

1

Sii= Z[Qoo - \/S(Qoz +Q,0) +3Q,,1,
1

S3= Z[Qoo +\/§(on = Q02)—30,, 8
1

533 =§[ — Qoo+ \/EQoz]’

1
SPh= Z[Qoo + \/g(Qoz =050 —30,, 1
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[Qo0+ /3(Q20+ Qo) + 305, ], (30)

o —
572 =

1
4

1
5% =§[" Qoo — \/§Qoz 1

1
Sz121 =§[_ Qoo +\/§Q20]’

1
S5 =§[_ Qoo _\/ngo],

8535 =Qo0-

The ordering described by Eq. (29) may be of uniaxial symmetry D_, and
so three different kinds of the uniaxial states can occur. They are isomor-
phic under transposition of the principal axes and possess the same free
energy (27), because they correspond to alignment of the nematic director
along one of the principal axes of the laboratory frame.

In the case of uniaxial symmetry with respect to Z axis (the so-called
“easy axis” Z or “easy plane” Z —see Ref. [15]) we have S{ =S}, and then
it holds @,, = 0,, =0. At the same time, the sign of the order parameter
Q,, signifies the type of the uniaxial symmetry: if Q,,> 0, then the “easy
axis” symmetry takes place, and Q,, <0 corresponds to “easy plane” sym-
metry. The sign of the order parameter

1 PO
Q20=—3<P2(M124:)_P2(M2Lz)>

7

indicates us, which of the short molecular axes gives the contribution to the
alignment along the Z-axis (for example, @,, > 0 describes the prevailing
contribution of the M, axis).

Uniaxial symmetry with respect to X-axis corresponds to S} = S}, then
it holds @y, = — \/§Q00, 0,,= —\/§on- From the relation S = S} cor-
responded to uniaxial symmetry with respect to Y-axis, we find Q,, =
\/ngo, 0,,= \/§Q20. These solutions are reduced to the case of uniaxial
symmetry with respect to Z-axis by rotating the laboratory frame of refer-
ence through n/2.
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In the vicinity of the Curie point y, (above this point no isotropic phase
can exist, i.e. y, defines the limit of stability of the isotropic phase) the order
parameters Q,, are small, and the equations of orientational state can be
solved analytically in the framework of perturbation theory. To do this we
expand Q,,=Qe+ Q¥e?+ ... in a small parameter ¢=(y—y,), and
equate the terms of the same order in ¢ in the orientational state equations
(26), (27). In the lowest order in & then we obtain the homogeneous set of
equations for the amplitudes Q\%):

A%z =y, 31)
where the matrix A is defined as

A%, 4}, O 0

A}, 43, 0 0
0 0 4] A,
0 0 49, 49,

Q-

and

A(1)1 = b—l.V(z) +2a_,y,+5,
o 1,
Al =§bo}’o +4d5Yo (32)

A%, =b,y+2a,y,+5.
Here the following identifications are chosen
Go=20/2hS,,0,  bo=30y/2b, 00,
a, =20hS,,,, b, =30b,,0 (33)
a_, =10hS,,,, b_, = 15by0q.

and column-vector M =(Q4), 01, 0L, AQY)).
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The coefficients d, and d, can be found in the next order of expansion. In
the second order in ¢ we have

A% =P, (38)
where matrix is the same one that in the first order expansion (31) and the
column-vector ¥® =(03, 0B, 03, 0. The components of column-vec-
tor D are quadratic combinations of the first-order amplitudes:

ﬁ =(D1, DZ, D3’ D4)a (39)
D, = — BY,(Q69)* — A1,Q50 — B2000050 — B13(050)* — 41,030 + BY (26’
BY,0670% + BY,(Q4)%

1
D, = —3B1:(060)” — 412060 — 2B7,000 Q50 — B2:(Q50)° — 42:0%0
1
+5B1:(062)” + 2B1,0630%3 + B3:(Q52)

Dy=— 2B(2)3Q‘“Q‘” szQm AilQéz - AizQéz + B(l)chl)oQéz
+2B7,0500%3,

D, =2B%,0430%) + 28204308 — 41,00 — 43,04} + B3, 04304}
+ 282,000,

where we use notations

Al =2a_, +b_,y), Aj,=a5+bgyo, (40)
3 25
A;2=2(a1+b1y0)’ B?1=§c_2y(2,—-7—,
2
c,yg 25 3c,y?
PRI N B S

¢, =300c,,0/T, ¢_;=150/2¢,00/T, €=100/2¢,,,/T, c_,=50co00/7.

Since the system (38) is inhomogeneous one, its solution may be re-
presented as a linear combination of the basis vectors of the subspace
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corresponded to the eigenvalue 4, ¢ 0. The eigenvectors of the matrix A°
corresponded to that eigenvalue may be written as

X(ll)=(0,0,""a_191)’ X(12)=(_a_1’1’0’0)'

It is verified easily that they are orthogonal to the basis vectors of the
subspace which is annihilate one for the matrix A4 ° as it is must be. The
column-vector D must be located in the subspace 4, #0, i.e. it may be
represented as a linear combination of the vectors x‘“ and x$. Therefore
the following relationships take place

D-x’=0,
b1 =0, (41)
which enables to write the equations determined d, and d,
e(d} —d3)—pd, =0,
d,(2ed, —p)=0, (42)
where

3
"2’A(2)2A(1)13(1)2 - 3A(1)1A(1)2B(1)3 + (A(l)l)z B(z)s’ (43)

e= —A(I)ZA(Z)ZB(I)I +
ﬁ = [2A}2A(1)2 - AilA(Z)Z - AéZA(l)l]Atl)l

Solving Egs.(42) we find the first order amplitudes ¥ = (Q4Y), Q, O,
Q%) —see also Eq. (37):

050=087=08=0%=0, (44)
af
02=057=0, Qg=aQig=-—, (45)
af
04} =\/300= /35, Q=00 03 =203, (46)

(l) \/_Qu) _[:, Qm—aQ(zlo), Q‘”—ocQ‘”. (47)
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Solutions (44)—(47), which have being obtained, correpond at e#0 to
isotropic (44) or uniaxial nematic (45)—(47) phase with the director along
X-axis (47), Y-axis (46) or Z-axis (45). If e =0, the crossover behavior can
occur: the second order phase transition from isotropic into biaxial nematic
phase can take place, but, however, this case implies an additional consider-
ation.

5. RESULTS

Figure 1 shows the phase diagram for the system of hard biaxial ellipsoidal
particles with the aspect ratio c¢/a = 4. The curves y(e,) in this Figure divide
the plane (y, e,) into regions, which correspond to different phase states of
the system. As it is seen from Figure 1, in the dependence on the particles
eccentricity e, four different phases can occur: isotropic (I), uniaxial rod-like
nematic (N,), uniaxial disc-like nematic (N,) and biaxial nematic (N,)
phases. It should be mentioned that real systems of hard particles are
characterized by certain value of e,, and possible phase states of them are
determined by vertical sections of the phase plane. At low values of ¢,, that

068 —

FIGURE 1 Phase diagram for the system of ellipsoidal particles with semiaxes a< b < c for
c¢/a=4 (I - isotropic phase, N, - uniaxial rod-like nematic phase, N, - uniaxial disc-like nematic
phase, N, - biaxial nematic phase). Curves 1,2,4 and 5 are lines of the first order phase
transition, curve 3 - the line of the second order phase transition. The shaded areas correspond
to the regions of two phase coexistence.



Downloaded by [University of California, San Diego] at 22:16 20 August 2012

STATISTICAL THEORY OF NEMATIC LIQUID 153

is b ~ a (rod-like particles), and at low densities, the equations of state have
solutions, corresponding to isotropic phase. If density increases, the system
undergoes the first order phase transition into uniaxial nematic phase N,.
The shaded area in Figure 1 corresponds to two-phase region of the system.
The boundaries of this area (curves 1 and 2) determine the values of the
coexisting phase densities at the point of the first order transition. At the
densities exceeded the y-values on the curve 1, the equations of state have
solutions, having the symmetry of the phase N, up to the values of y,
corresponding to the transition into smectic or solid crystal states; the latter
ones have not being described in the framework of our approach.

As it is seen from Figure 1, the lines of the phase transitions (curves 1-5)
are contacted at the isolated point on the line of the first order transition at
y, =0.463, ie. at e =0.749. The second order transition from isotropic to
biaxial nematic phase directly takes place at this point. This value of e,, is
in very good agreement with the predictions of Refs. [16], [17], [18] that at
this point b* ~ ac (the so-called self-dual point). At e, <e,,, as density in-
creases, besides the first order transition (curves 2 and 1) between the iso-
tropic and nematic N, phases, the second order phase transition (curve 3) to
the biaxial nematic N, phase takes place. The width of the phase separation
region decreases at e, — e,, and vanishes (the second order phase transition)
at the crossover point. At e, > e, the density increasing leads to the first
order phase transition between the isotropic and uniaxial nematic N,
phases (curves 4 and 5), and then to the second order transition (curve 3) to
the biaxial N, phase. Our simulations show that the increasing of the degree
of particle prolateness c¢/a does not change the topology of phase diagram:
the densities of the coexiting phases diminish and the crossover point is
displaced to the right (see Fig.2, where the phase diagram for c/a =10
ellipsoids is depicted). The self-duality condition (b = ac) is fulfilled in this
case with high degree of accuracy: the calculated value of e, is equal to
0.899. The density corresponded to this crossover point is y, =0.153.

In Figure 3a the jump of the order parameter Q,, (and also Q,,—see
Eq. (45) and Fig. 3b) at the first order transition point (curves 1) into iso-
tropic phase is plotted versus eccentricity e, of the particles at c/a=4.
These dependences correspond to the values of the densities of the nematic
phase, shown in Figure 1 (curves 1 and 5). At e, = 0 (uniaxial prolate par-
ticles: b = a) 0%, has its maximum value, and a jump of the order parameter

%o described the ordering of the long particle axes in the (X, Y)-plane, is
equal to zero, as it is must be. If the degree of the particle biaxiality
increases (i.e. if the length of semiaxis b increases from b=a to b=>b, = 2a,
which is determined by the crossover condition e =0 — see. Eq. (43)), the
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FIGURE 2 Phase diagram for the system of ellipsoidal particles with semiaxes a<b< ¢ for
¢/a=10. The identifications are the same as in Fig. 1.
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) 0.0 0.5 2 1.0

FIGURE3 Order parameter Q,, (Fig. 3a) and @,, (Fig.3b) as functions of the particle
eccentricity e, for ¢/a=4 at the points of the first order (curve 1) and second order (curve 2)
phase transitions.
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FIGURE 3 (Continued).

jump of the order parameter Qf, diminishes and vamishes (the second order
transition) at the crossover point e?=e3 =0.749. At the same time, the
order parameter Q4, becomes nonzero, but, however, the nematic phase
remains uniaxial as before (Q,, = @,, =0). In the vicinity of the crossover
point the jump of the order parameter @5, has an extremum, vanishing, as

00> at the very crossover point. The width of the metastable region
(y. — ¥o)/y., corresponded to shaded area in Figure 1 and characterized for
the first order transition, vanishes (the second order transition) at e, =e,,.
At further increasing of e, (i.e. at b— c¢), the jumps of the order parameters
change their signs, that corresponds to the replacement of the types of the
ordering of the c-semiaxes from “easy axis” Z(Q%, >0, Q5,<0) to “easy
plane” Z (Q5, < 0). According to Eqs. (44)—(47), this means the arising of the
ordering of the short molecular axes a in the “easy axis” Z way (see
Eq. (46)). It should be mentioned that a plot of the curve 1 in Figure 3,
where Q% >0, corresponds to the curve 1 in Figure 1, and therefore the
transition from the isotropic to the nematic N, phase takes place. Curve 5 in
Figure 1 corresponds to the plot of the curve 1 in Figure 3 with 09, <0 and
the phase transition is realized to the nematic N, phase.

In the limiting case e, = e; (the particles are oblate ellipsoids of revol-
ution with the semiaxes a < b = ¢) corresponded to the right end points of
the curves in Figures 1 and 3, the nematic N, phase is uniaxial, although
the order parameter Q%,# 0. It is connected with the fact, that the order
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parameters Q,, and @, are defined with respect to the molecular axis ¢, but
in the N, phase, unlike to N, phase, the short molecular axes a are ordered.
Curves 2 in Figure 3 show the order parameters at the point of the
second order phase transition between the uniaxial and biaxial nematic
phases as a functions of the anisometric degree of the particles — see also the
corresponding curves 3 in Figure 1. The values of the order parameters on
the curves 2 in Figure 3 correspond at fixed e, and e, to the points of “soft”
branching of the uniaxial solutions of Q,,(y), shown in Figures 6. As it is
seen from Figure 3, at fixed value of c¢/a =4 the transition to the biaxial
phase would be possible beginning from eZ =0.566, that corresponds to
b/fa=1.52. As the ratio b/a increases, the degree of order of the molecular
axes ¢ with respect to Z-axis at the point of the biaxial phase rise from N,
phase decreases and vanishes at the crossover point (b/a=2). As e, moves
away from the crossover value (e, > ¢, ), the degree of the molecular axes
order at the branch point of biaxial solution is increased and tends to the
limiting value at b/a = 2.26. The values b/a > 1.52 correspond to the transi-
tion to the biaxial phase at nonrealistic densities.
In Figure 4 the line of the second order phase transition between the
isotropic and biaxial nematic N, phases (i.e. the line of the crossover points)
is shown in the (e,, e;) plane. Figure § illustrates the density of the nematic

1.0 —
2
€2
0.5
0.0
I e2 |
0.0 0.5 310

FIGURE4 The line of the second order phase transition between the isotropic phase and
biaxial nematic phase (crossover line).
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FIGURES The density of the nematic phase in the crossover points as a function of the
particle eccentricity e,.

phase at the crossover points as a function of the eccentricity e,. As it is
seen from these Figures, the crossover behavior is unattainable in the sys-
tems, composed of uniaxial rod-like (e, = 0) or disc-like (e, = ;) particles.
For the nearly spherical particles (ax b~ c) the crossover behavior can
occur at the non-physical values of the density ( y — o0). Thus, the possibil-
ity of the crossover is realized only in the system, composed of the suffi-
ciently biaxial particles.

It should be noted that if only the pairwise interactions (C, = 0) are taken
into account, the crossover condition e =0 (Eq. (43)) is simplified and be-
comes

2 =\/§(a1 _a—l)a

where a; are defined in Eq. (33). Then it is not difficult to show that in this
case the self-dual point b? = ac, or e? = e3(2 — e2) takes place. If C, # 0, and
therefore the virial coefficients of higher order are resummed in y-expansion
method, the self-duality condition most probably occurs too, but it is hard
to prove analytically. That condition is fulfilled with high degree of accu-
racy: in our simulations we have e, = 0.749 instead of 0.75 for ¢/a =4, and
e2,=0.899 instead of 0.9 for c/a=10. So the crossover line depicted in
Figure 4 coincide practically with the self-dual curve 3 = e2(2 — €2).
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The order parameters Q,,, as functions of the nematic phase density are

shown in Figure 6(a,b,c,d) at c/a=4 and b/a=./10/3. The above men-
tioned value of the ratio b/a corresponds to e2 =0.7 and, as it is seen from
Figure 1, for this value of the eccentricity the phase transitions from the
isotropic to the uniaxial nematic N, phase and then to the biaxial nematic
N, phase are possible for the certain density range. Solutions of the orienta-
tional state equations which described N, phase are shown by solid lines in
Figure 6, and solutions corresponded to uniaxial nematic phases — by
dashed lines. The physically realized values which correspond to the global
minimum of the chemical potential are indicated by a bold lines.

As it is seen from Figures 1 and 6, the equations of state have only iso-
tropic (Q,,, =0) solutions at low densities y. As the density increases, the
system undergoes the first order phase transition, which is characterized by
a rather small discontinuity in density, and the order parameters have a
jump up to the values, corresponding to the points 4 and D in Figure 6. A
plot AB on the curves Q,,(y) and @,.(y) describes the uniaxial ordering of
the long molecular axes ¢ with respect to Z-axis; in this case Q,, =Q,, =0.
The plots DE in Figure 6 correspond to uniaxial ordering of the long par-
ticle axes along the X-direction (Q,, >0, Q,, <0) or Y-direction (Q,, <0,

0,,>0).

0.8 —
- 'B"‘—"-’-_-c-—
Qoo ’,'
v -
Al . --- "
00— ¥
AN F
S -o__ E
T T &
® 0.4 0.6 y 08

FIGURE 6 Order parameters as functions of the nematic phase density for c¢/a=4 and

bja= J/10/3.
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FIGURE 6 (Continued).

Further density increasing leads to the second order transition into bi-
axial nematic N, phase (see points B and E in Figure 6); as it is seen from
this Figure, the branching of solutions of the orientational state equations
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FIGURE 6 (Continued).

have taken place by a “soft” way. The plots BC characterize the biaxial order-
ing, since besides the ordering of the long particle axes along Z-direction there
is one more preferential direction for the short molecular axes. The values of
the order parameter Q,,( y) in this density range (Fig. 6d) differ only in sign and
correspond to the alignment of the short particle axes along the X-direction if
Q,, >0, or Ydirection at Q,, <0. The order parameter Q,, (Fig. 6b) charac-
terizes the difference in tendencies for the projections of the long particle axes
in the (X, Y)-plane to be oriented in the X or Y directions, so the values of
Q,,(y) in plots BC, which differ only by the sign, are the same due to the fact,
that these tendencies are equal. In the external field absence the X and Y axes
are equivalent and so the above mentioned branches of the @, curves corre-
spond to the same value of the chemical potential.

If the direction of the uniaxial ordering of the long particle axes concides
with X or Yaxis (the plots DE on Q,,(y) curves), then below the point E of
the second order phase transition the biaxial orientational ordering is char-
acterized by the plots EF or EG. If the long particle axes are oriented along
X-direction (Q,, >0 and @,, <0 on the plots DE), then it corresponds to
the ordering of the short axes along Y-axis—a plot EF (Q,,<0 at high
densities) or along Z-axis—a plot EG(Q,,>0). If long axes are ordered
along Y-axis (Q,, <0, Q,, > 0), then the plot EF corresponds to the order-
ing of the short axes along X-axis (Q,, <0 at high densities), and a plot
EG-along Z-direction (Q,, > 0).
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Let us compare the obtained results with the Monte Carlo numerical
simulations of Allen [17]. In Figure 7 we show the quantity W= PV/(Nkg
T)—1 as a function of the aspect ratio b/a of the ellipsoidal particles for
¢/a = 10. The ratio b/a varies from 1 (prolate ellipsoids of revolution) to 10
(oblate ellipsoids of revolution) and is plotted in Figure 7 in the logarithmic
scale. The solid lines in Figure 7 correspond to our numerical results, the
circles and the dashed lines — to Monte Carlo simulations of Allen [17].
Curves r—b and p— b describe the values of Wat the transition points from
the uniaxial nematic N, (or N,) phase to the biaxial nematic N, phase,
respectively. Curve n — i corresponds to the line of phase transition nematic-
isotropic liquid. Curves 1, and 2 show W as a function of b/a for d/d ,=0.2
and d/d., = 0.3, respectively, where d,, = 7:/(3\/5) is the closed packing den-
sity. The lines 1 and 2 are calculated by setting abc = 1, as in Ref. [17]. The
circles and connecting them the dashed curves 3 and 4 correspond to
d/d,, =03 and d/d_,= 04, respectively. It should be pointed out that the
curves 1 and 2 as distinct from the curves 3 and 4 belong fully to the
ordered phases.

As it is seen from Figure 7, the position of the crossover point which is
determined mainly by the geometry of the particles (b? ~ ac) is practically

8 —

4 T T T T T
1 2 3 5 bla 1o

FIGURE7 The quantity W= PV/(NksT)—1 as a funciton of aspect ratio b/a for ¢/a = 10.
The solid lines correspond to our numerical results, the circles and the dashed lines - to Monte
Carlo data of Allen [17]. n—i, r—b and p—b are the lines of phase transitions. Curve
1 —djd =02, curve 2 —d/d.,=0.3, curve 3 —d/d,, =03, curve 4 — d/d , = 0.4. d,-the density
of the close packing. The identifications of the phases are the same as in Fig. 1.
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coincide with the result of Ref. [17] and with the predictions of Ref. [16].
This is conditioned by the fact that the contribution of C, predominates
over C5 in the vicinity of a crossover point and the obtained formula for C,
(16) is exact. The contribution of higher order parameters which had not
been taken into account in our calculations is negligible too near crossover
point.

In Ref. [17] the lines of phase transitions had not been calculated and
were plotted only approximately, nevertheless the lines r—b and p—»b
corresponded to the second order transitions N,— N, and N,— N, are
close to these Monte Carlo data (see the black circles in curve 4 lying in the
vicinity of the supposed [17] phase transition lines). Thus the proposed
theory quite satisfactorily desribes the difference characteristics of the sys-
tem, which are determined from the equality of the pressures or chemical
potentials of the coexisting phases. More significant discrepancy between
the proposed theory and the Monte Carlo simulations [17] one can see in
Figure 7 in values of W for each of the phases (compare curves 2 and 3).
These quantitative distinctions come principally from some significations
used in the calculations, namely, Landau expansion and the restriction to
the order parameters of the only second rank. Thus the quantitative agree-
ment can be improved if higher order parameters will be taken into account
and the general integral problem based on Eqgs. (23—-26) instead of Landau
expansion (27) will be realized.

6. CONCLUSION

Unusual properties of liquid crystals, having the features of behavior both
ordinary liquids and crystal solids, are conditioned by the anisotropy of the
interparticular interactions. In the present paper we have proposed a statis-
tical-thermodynamic theory of nematic liquid crystal which constituent
molecules are hard biaxial ellipsoids in shape. Such approximation of a
molecular shape seems to be more realistic than others discussed in litera-
ture (molecules-cylinders, spherocylinders, platelets, spheroplatelets and so
on). The interparticular interactions have been assumed to be steric and so
their anisotropy is connected with the shape of the particles. In order to
determine the thermodynamic potential of the system the third order y-
expansion method have been used. For the purpose of calculation of the
second and third virial coefficients which are necessary for the theory, we
have developed a suitable method. The equations of thermodynamic and
orientational state have been obtained from the thermodynamic potential.
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By numerical simulations of these equations of state we have constructed a
phase diagram for the system of biaxial ellipsoids. This diagram shows that
in the certain range of the ellipsoidal particle aspect ratio such a system can
exhibit isotropic and nematic (uniaxial N, or N, and biaxial N,) phases; the
crossover conditions have been determined. As it is known, the simple
theory of liquid-crystalline ordering (such as Onsager theory, or Maier and
Saupe theory) leads to some essential width of the metastable region in the
vicinity of the first order phase transition, whereas experimental data show
that isotropic-nematic transition is close to the second order transition. The
phase diagram determined in the present paper shows that the reason of
this closeness may be due to the biaxiality of the particles (the shaded areas
in Fig. 1, which correspond to the two-phase coexistence region, disappear
in the crossover point).

The thermodynamic potential constructed in the framework of the mol-
ecular-statistical approach have been represented in the Landau expansion
form. As a result, we may connect the coefficients of this expansion with the
microscopic parameters, which characterize the shape and the dimensions
of the particles. The obtained order parameters Q,,(y) dependences enable
us to estimate the contribution of each of the molecular axes into physical
quantities measured in experiment.

In conclusion, we note that in the present paper only steric interactions
have been taken into account, whereas in real liquid crystal dispersion
interactions give also a contribution into orientational properties of the
mesophase together with the steric ones. They are described traditionally by
the mean-field method and can be easily taken into account in the frame-
work of the proposed approach (see, for example, Ref. [4]). There are no
reasons whatsoever to suppose, that the phase diagram of the biaxial ellip-
soid system will undergo a quantitative changes if dispersion interactions
will be also taken into consideration.

This work was partially supported by grant 96-02-17218 from the Rus-
sian Foundation for Fundamental Research.

APPENDIX
Let us consider ellipsoids with the semiaxes a < b < ¢ and with the eccen-
tricities of their normal sections (1). Defining the quantities ¢, and c,

(Eq. (9)), we can represent the quantity g (Eq. (11)):

g=1+ cg(ﬁaﬁ)z + Cg(Qzﬁ)z
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in the following form

=L 1 —e?sin?8| 1 —é—zsin2
q l_eg 3 eg (P B

€Q,N)=cos8, (§,N)=sinbsing.

where

Using the relationship

1 Z F(k—l/2)x2k
2/mk=o T'(k+1)

(1 . x2)1/2 -

and binomial formula and changing the order of summation, one can ob-
tain

ErY 1 1 i(_l)nsinz"ﬂsinz"(p
1—e2./nu=0 n!

6271

Meg"sin“a A1)

Z,
By expanding the function sin** 8 on the basis set of Legendre polynomials

(=1YT(j+1/2)

jiTk—j+ DT (k+j+ 3/2)P21(93N)’

sinz"0=k—!2 i 4ji+1)
2
i=0

one can find for the inner sum

o 1/2 = 0
Z L/)eﬁksinz"0= Y @+ 1)4;,P;QsN),

where

_(--1))1“(;+1/2)Z TFk+)Tn+k—1/2) e
mToar(j+1) & Tk ]+1)F(k+]+3/2)

Here we have changed the order of summation. Inserting this result into
(A.1) and changing the order of summation once again, one obtains
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2n 0
,8in?" @sin?" q)fz"z Fin+k-— 1/2) kgin2* g

n! K=o k!

L

6 o« Q 2n £2n o
-fwsn{s oS 08,

Using the relationship

@l+1)

@)= T en+ 1) Z GoTr DT sy @),
one finds finally
q”2=;2 i (4 + 1) (41 + 1) Byles, &) P, (Q,N) P, (Q,N), (A2)
2/1—e3ji=0
where
(=1 (i +1/2) E (=1)"T(n+1+ 1)&%

) ézt 212
i 4/n TG+ r(n+1)r(n+21+3/2

Fk+j+1Hr (n+l+k+j—1/2)e2k
0 Fk+1)T (k+2j+3/2) 3

MH

k

By analogy one can obtain for g~ 2

1— 232 «x N N
=82 S W)@ DDy O Py @) P @R, (AY)

2 i=0

where

b (= T (G+1/2) 521 2j z —1)'T (n+141/2)2"
T2 T+ o T+ 1) T (n+20+3/2)

I"(k+j+l)I“(n+l+k+j+2)e2k
o Tk+1)T (k+2j+3/2) 3

Ms

k
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Thus for the third item under the integral sign in Eq. (11) one has

1/2
_C Z Bmz ZDhlzPZn(Q N)P

j1i2

Q,N)P,, (4N)P,,, 5, N), (A4)

2j2

c= i(l—e )2

It should be mentioned that the arguments of Legendre polynomials are
the scalar products which are invariant with respect to the choice of frame
of reference for determination of the components of vectors §, & and N.
Using the relationship

P(AR’) = Y n(h), (A.5)

21+1m__,

it is possible to keep on the transformations. However, the right-hand side
of this identity contains the spherical functions depending on the angles
between the unit vectors A and A" and orthogonal unit vectors of some fixed
frame of reference. One can introduce at least two frames of reference: the
molecular frame connected with the principal molecular axes, that is with
the unit vectors Q, and Q), and laboratory one relatively which the order
parameters are defined. Let us use at first the laboratory frame of reference.
Inserting (A.5) into (A.4) we obtain:

ST+ AN + 2@, Ny
j[l +c2 QN + LN )2]2d Clan )4“2}231:12 e3¢) %sz (e3,£).

250 ) Y 2y @D Y 5y, 1, () Yz,z.,z(ﬁ»jAy:*;?",; dN,  (A6)

where

mimaniny _ Y%
All jz iz T YZJ] my

Nyy*

2j2,m2 (N) (N) Y2lz na (N)

2l.m

In order of calculation of the right-hand integral in (A.6) let us express the
spherical functions through Wigner 2-functions:

4I+1

o —— 9% (o, B,7)

Y3aBo)=(-1""
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and with the aid of the relationship (see [6], formula 110.2)

J

; ; : Jv o Ja J \fh oJ2 i
Qun gu2 = 2 1 @(i' o
m.m, ((1)) m,m, ((1)) Z( J + )(mi m; _ m/) (ml mz _ m) m, m(w)

(A.7)
we find the following result for A% 72572
(_1)11+J’2+11+lz~rn1—mz—n1—nz . '
(4, + 1) (41, + 1)]"2,
) 2, 25, 2\/[2, 2, 2
@+ 1)@l +1 .
;,(”)(“L)(o o o/lo 0 o
( et )( 2 2, 2 )(—1)"'@‘3{3.(1?)@‘5”_',1?).
—my—m,—mj\—n —n, —n ' '

Using the orthogonality condition (see [6], formula 58.20)

j@up' (w).@u?) (a)) do 1

mtm () D nlim, (O) g5 = 577 Ousa OO

we arrive at the following expression for the integral:

(_ 1)i1+j2+h+12—m1—m2—n1—n2

4

mymanyn2 —
jAjl 2 lsz -

2, 2, 2§
T4, + D@, + D@, + D@L + 1172 T (=174 + 1)( e é)
Jom

(2 2, N[ % 2, u\[ 2 2 2
0 0 0/)\-my—-my, —m/\—n,—n, m/)
here dw = 2ndN.

Let us return to Eq.(A.6). Substitution of the obtained result into
Eq. (A.6) yields

J1+HQN2+c2Q,N)?
A = —=—>-—=dN = C(4n)* B, . (e5,& D, , (e,
J‘[l +C§(QSN)2+C§(QZN)2]2 ( ) j1m12j2m2 ‘,”2( } )llmzlznz “12( } é)
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1

211 mn(Q ) Y, 2ja2, mz(ﬁ ) 21y, nx(ﬁ3) Yzzz n;(ﬂ )E

(__ 1)1'1+J'z+11+lz—m—mz—n1—n2

T+ D@t 8L + D+ DT T (- 1)'"(4f+1’<2h % czf)

(20 2, 23\ (% %, 2 \/[2, 2, 2 A8)
0 0 O0/\-m -my —m/\—-n, —n, m/) '

It is convenient to introduce the functions:

Vi (€) (A9)
= Ez(_ HTmm A+ 1 (21'*,,1 2fzn2 Y m) Ym0 Yoy, s (@),
V2 i@ (A.10)
="§2(—1)‘"“"2W<2f‘,,1 zfznz f,{) Yot (@5) Yo,y ()

and change the order of summation in Eq. (A.8). Then one obtains

J, /1+c2(Q,NQ? + 2(Q,N)? iR -

[1+c2(€%N)? + 2, N)*]?

Cém® ¥ (1.

- Y (1P, + 1) (4, + 1)1(2" Ja 2’) Bjja(es O) Wiy (@)

Jiiz 0

T Erren @b (g 2 Y0 v

iz

where we use the notations;

o iaria . 2, 2, 2
F,-.m=Z(—1)““2[(41,+1)(412+1)]”2<0" 0 OJ)B,-l,-Z(eS,:)u/z;:,:,.l,,(w),

J1i2

G,-m=2(—1)““2[(411+1)(412+1)J”2<f)’1 0 D IDusten OV (o)

hia
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So we find

J1+E@QN)? +c2(Q,N)?
[1+c2(Q,N)? + 2(Q,N)?]?

dN=C@n)* Y (-)"F,,.G, _,. (A.ll)

Jm T ), mm
Jim

Let us transform the quantity y{}). . . It depends on the angles, which the
init vectors Q and Q, make with the axes of laboratory frame of reference.
So we do the transformation to the molecular frame of reference with the

help of the identity

(Al 1ap) = ng («, B, V) mBimot)-

Here the angles a, §, 7 define the rotation of the molecular frame of reference
relatively the laboratory one. Note that for a such transformation it is holds

~ 2
@)= L5 90, 0.8.9) = 1,,0,0), (A12)

3.)= 2l+ i1+ (w4 1)/ 2) IM’I[(I_ |m’l)l}”2
Y, ()= \/; Z( 1) i™2 Tam |
. n CATBU+T+ M),
cos(i(l +|m D)I“[%(l 2= 28 (2, B,7), (A.13)
~ 21+ (I—|m' ]2
Q) 1)1+ m 4 [ty 2) i | 22 VLI
\/_ Z |:(l+ |m’ |)'}

il 1 !
o) s wi

Taking into account that

cos 2(2' +m')) | = 0 m=2k+1;
2 U= =2k,
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and making the transformation m'—2m’ in Egs. (A.13)-(A.14), we arrive
after the substitution into Egs. (A.9)—(A.10) at the following expression:

—1 Ji—m
W) = g + D@+ D@+ 17

Y g [(21'2 - 2I"1'I)!]”2
: (2, +2[m'])!

my,mym

,F(jz+|m’l+1/2)< % % 21')

g2 @(21)
T(j,—Im|+ 1) —my —m ) Zom(®@) ().

2m',m,

Using the relationship for the product of two 2-functions (A.7) and the
orthogonality condition for the 3 j-symbols

. Jiv J2 Jv a7\
(2]+1)m§.2<m1 m, ~—m><m1 m, _m')_é.l]&mm

we obtain the final result for y/{); ; (@):

1yd=m
0 0= S w, + 1@+ D+ D]

e (21'2—2Im'|)!:|”2
pElll [P ke Ui S
; [(21'2+2|m'|)!

T +Im'[+1/2) (25, 24, 2
IGj,—Im|+1) \0 2m —2m’

2P (). (A.15)

—2m,m

Using this result in F;, and changing the order of summation, we find

J4j+1
Fim =i L Sim D5 n @) (A16)

TRDTRDY
= 92m| Z )i (4, + 1)(4], + I)Bj‘,jl(em &) (0]1 (2)12 (2)1 )
Jivda

_(21'1 %, ¥ )[(21'2—2Im’|)!]”2 TG, +m'|+1/2)

. (A17
0 2m (2, +2im'|)! I'(j,—|m|+1) ( )
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Calculations similar to those performed above lead to the following re-

e) '
sults for Y32, (@) and G; _,,

(—1)lrm
47312

5 gam [ @l = A DU
2L+ |

r(lz+|n’|+1/2) 211 212 2.] 2))* ’
F(lz—|n’|+1) 0 2n =2n 2 —2n, —m(w)a

(@)= (@] + )@, + DHEj+ D172

G \/4J+ Z M@(ZJ) /)

jo-m= 4 T A3/2 2n',m

=2 R (=D @ + D@L+ DD, ,(es,a(zll y 21)-
5 0 0 0

(21 2, 2 \[@L =2 )] T TU+1n+1/2)
0 20" =2n'/[ (21, +2In))! I, = +1)

Thus the third item in Eq. (11) can be written as:

J1+ QN+ c4(Q,N)?

2 dN
[1+ 3 N)? + 3, N)*T?

CACS @A) S (U S St @ (@)D, (@)

j=0 m=-j mn=—j

Let us calculate now this item directly in the molecular frame of reference.
Using Eq. (A.5) we find

172 _

= =12 2.Byes, OY3,,(Q9) Y3, (Q)Y,;,,(N) ¥, ,(N). (A18)

1 — 63 jmin
Note that in the molecular frame of reference we have

4j+1

Y3 m(Q3) = Y4,,(0,00=(~1Y o=

6m.0’
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2] ZM(QI) 2] 2m<72z 0)

—(—pyem Yt 122|m,[(2f— 2lml)l]’”l‘(j +1/2 + |ml)
2n 2 +2im) ] TG+1=m)’

/41 +1 22im| 2j = 2Im) 12T + 1/2 + |m)
(2j +2|m|)! T(j+1—|m|)"

Inserting these quantities in Eq. (A.18) and multiplying by

A

n
%* *
Y2j.2m Y2] z»-(i’

(-1

Y* . (N),
\/’m 2].2m( )

one can integrate over N, using the identity:

J‘YZJ'I.O(N)Y;j.zm' (N)Yij,zm' (N) dN = (_ l)jl+j2—j+ Zm’.

(% Y2 WU 2 H\[@+ D@L+ D@+ D)
0 2m -2w)\O 0 O 4n '

After some algebra we find

\/I__—J.buz( ) ! (N) N

J4i+1

= 2% Z (—1Y*(4j, + 1)4j, + I)le_jz(es,f)

12

(% %2 2\(U Y U N\[@=2imD V20, + Iml +1/2)
0 0 0/\0 2m —2m){(2,+2Im)!| T(,—Im+1)

Note that the quantity in the right-hand part is f;, —see Eq.(A.17). Per-
forming the similar calculations for g, ,, we arrive at Egs. (13). Also note that
in the above formulas the unit vectors &, must be taken in the molecular
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frame of reference which is connected with the principal axes of the ellipsoids.
This means that Q, =(1,0,0); Q, =(0,1,0); &, =(0,0, 1).

Calculations similar to those performed above allows one to detemine the
forth item in E(Q,,Q,). Collecting all of these items, one can write Eq. (12).
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